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Abstract
We study non-perturbative gluon pair production from arbitrary time dependent chromo-electric
field Ea(t) with arbitrary color index a =1,2,...8 via Schwinger mechanism in arbitrary covariant
background gauge α. We show that the probability of non-perturbative gluon pair production per
unit time per unit volume per unit transverse momentum dWd4xd2pT is independent of gauge fixing
parameter α. Hence the result obtained in the Fynman-’t Hooft gauge, α=1, is the correct gauge
invariant and gauge parameter α independent result.
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An exact non-perturbative result for electron-positron pair production from a constant
electric field was obtained by Schwinger in 1951 by using proper time method [1]. In QCD
this result depends on two independent casimir/gauge invariants C1 = [E
aEa] and C2 =
[dabcE
aEbEc]2 with color indices a, b, c=1,2,...8 in SU(3) [2, 3]. Recently, using shift theorem
[4], we have extended this study to arbitrary time dependent electric field E(t) in QED
[5] and to arbitrary time dependent chromo-electric field Ea(t) in QCD [6, 7]. This result
crucially depends on the validity of the shift conjecture which is not yet established.
In [7] Schwinger mechanism for gluon pair production from arbitrary time dependent
chromo-electric field Ea(t) was studied in the Feynman-t’hooft gauge α=1. In this paper we
will extend this study to any arbitrary gauge fixing parameter α. We find that the result is
gauge fixing parameter α independent. Hence the result obtained in [7] in Feynman-’t Hooft
gauge, α=1, is the correct gauge invariant and gauge parameter α independent result.
The following result was obtained for the probability of gluon pair production from ar-
bitrary time dependent chromo-electric field Ea(t) in α=1 gauge via Schwinger mechanism
[7]:
dWg(g¯)
dtd3xd2pT
=
1
4π3
3∑
j=1
|gΛj(t)| ln[1 + e
− pip
2
T
|gΛj (t)| ]. (1)
In the above equation
Λ21 =
C1(t)
2
[1− cosθ(t)]; Λ22,3 =
C1(t)
2
[1 + cos(
π
3
± θ(t))]; cos3θ(t) = −1 + 6C2(t)/C
3
1(t)
(2)
where C1(t) = [E
a(t)Ea(t)]; C2(t) = [dabcE
a(t)Eb(t)Ec(t)]2 (3)
are two independent time-dependent casimir/gauge invariants in SU(3).
We will present a proof of gauge fixing parameter α independence of eq. (1) in the
following.
In the background field method of QCD [8, 9] the gauge field is the sum of classical
chromo-field Aaµ and the quantum gluon field Q
a
µ. The non-abelian field tensor becomes
F aµν [A +Q] = ∂µ(A
a
ν +Q
a
ν)− ∂ν(A
a
µ +Q
a
µ) + gf
abc(Abµ +Q
b
µ)(A
c
ν +Q
c
ν). (4)
The gauge field Lagrangian density is
Lgl = −
1
4
F aµν [A+Q]F
µνa[A+Q] −
1
2α
[Dµ[A]Q
µa]2 (5)
2
where the second term in the right hand side is the gauge fixing term which depends on the
background field Aaµ [8, 9]. The covariant derivative is given by
Dabµ [A] = δ
ab∂µ + gf
abcAcµ. (6)
Keeping terms up to quadratic in Q field (for gluon pair production) we find from eq. (5)
∫
d4xL =
1
2
∫
d4x [−(Dµ[A]Q
a
ν)F
µνa[A] + QµaMabµν [A]Q
νb]
=
1
2
∫
d4x [(Dµ[A]F
µνa[A])Qaν +Q
µaMabµν [A]Q
νb] (7)
where
Mabµν [A] = gµν [Dρ(A)D
ρ(A)]ab − 2gfabcF cµν [A] + (
1
α
− 1)(Dµ[A]Dν [A])
ab (8)
with gµν = (1,−1,−1,−1).
The vacuum-to-vacuum transition amplitude for gluon is given by
< 0|0 >A=
Z[A]
Z[0]
=
∫
[dQ]ei
∫
d4x[QµaMabµν [A]Q
νb+(Dµ[A]Fµνa[A])Qaν ]
∫
[dQ]ei
∫
d4xQµaMabµν [0]Q
νb
. (9)
To evaluate the path integration in eq. (9) we change the variable
Qaµ(x) = Q
′a
µ(x)−
1
2
∫
d4x′Gabµν(x, x
′)Dλ(x
′)F λνb(x′) (10)
where we denote Dabµ (x) = D
ab
µ [A](x) and F
a
µν(x) = F
a
µν [A](x). The Green’s function is given
by (using Schwinger’s notation [1])
Gabµν(x, x
′) = [< x|
1
M
|x′ >]abµν = [< x|
∫ ∞
0
ds e−sM |x′ >]abµν . (11)
Under this change of variable we find from eq. (9)
< 0|0 >A=
Z[A]
Z[0]
= e−iStad × eiS
(1)
(12)
where
Stad =
1
2
∫
d4x
∫
d4x′Dµ(x)F
µλa(x)Gνabλ (x, x
′)Dσ(x′)Fσνb(x
′) (13)
is the tadpole (or single gluon) effective action and
S(1) = −iln[
Det−1/2Mabµν [A]
Det−1/2Mabµν [0]
] =
i
2
Tr[lnMν,abµ [A]− lnM
ν,ab
µ [0]] (14)
3
is the one loop (or gluon pair) effective action.
The trace Tr is given by
TrO = trLorentztrcolor
∫
d4x < x|O|x > . (15)
We choose the arbitrary time-dependent chromo-electric field Ea(t) to be along the z−axis
(the beam direction) and work in the choice Aa3 = 0 so that
Aaµ(x) = −δµ0E
a(t)z (16)
is non-vanishing. The color indices are arbitrary, a=1,2,...8.
It can be seen that the tadpole effective action Stad in eq. (13) depends on the gauge fixing
parameter α via the Green’s function Gνabλ (x, x
′). However, we will show in the appendix
that the tadpole effective action Stad per unit time per unit volume and per unit transverse
momentum ( dStad
d4xd2pT
) is zero for any non-vanishing transverse momentum. Hence there is no
tadpole contribution to eq. (1) and we will not consider it any more.
We write eq. (8) as
Mabµν [A] = M
ab
µν, α=1[A] + α
′ (Dµ[A]Dν [A])
ab (17)
where
α′ = (
1
α
− 1) (18)
and
Mabµν, α=1[A] = gµν [Dρ(A)D
ρ(A)]ab − 2gfabcF cµν [A]. (19)
Hence we find
TrlnMν,abµ [A] = Trln[M
λ
µ, α=1[A] {δ
ν
λ + α
′ M−1 σλ, α=1[A] (Dσ[A]D
ν [A])}]ab
= Trln[Mν, abµ, α=1[A]] + Trln[δ
ν
µδ
ab + α′ [M−1 λµ, α=1[A] Dλ[A]D
ν [A]]ab]. (20)
Since Trln[Mν, abµ, α=1[A]] was studied in [7] we will evaluate the α
′ = ( 1
α
− 1) dependent term
in this paper.
The ghost determinant is evaluated in [7] where we have used α=1. Since the ghost
Lagrangian density is α independent [7], we do not discuss ghost in this paper. Whenever
we mention α = 1 case in this paper, we assume that the ghost contribution is included.
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Using eq. (15) we find
Trln[δνµδ
ab + α′ [M−1 λµ, α=1[A] Dλ[A]D
ν [A]]ab] = trLorentztrcolor[
∫
d2xT < xT |
∫ +∞
−∞
dt < t|
∫ +∞
−∞
dz < z| ln[δνµ + α
′ M−1 λµ, α=1 DλD
ν]|z > |t > |xT >]
ab. (21)
Using eq. (16) in (6) we find
Dabµ [A] = ∂µδ
ab − δµ0 z igΛ
ab(t) (22)
where
Λab(t) = ifabcEc(t). (23)
Using the relation
[Dµ[A], Dν [A]]
ab = −gfabcF cµν (24)
and by using shift theorem [4] (by shifting [z → z + i
gΛ(t)
d
dt
]ab ) we find from eq. (21)
Trln[δνµδ
ab + α′ [M−1 λµ, α=1[A] Dλ[A]D
ν [A]]ab] = trLorentztrcolor[
∫
d2xT < xT |
∫ +∞
−∞
dt < t|
∫ +∞
−∞
dz < z +
i
gΛ(t)
d
dt
| ln[δνµ + α
′ (M ′)−1 λµ, α=1 D
′
λD
′ν ]|z +
i
gΛ(t)
d
dt
> |t > |xT >]
ab
= trLorentztrcolor[
∫
d2xT < xT |
∫ +∞
−∞
dt < t|
∫ +∞
−∞
dz < z +
i
gΛ(t)
d
dt
| ln[δνµ + α
′ D′µ
1
(D′)2
D′ν ]|z +
i
gΛ(t)
d
dt
> |t > |xT >]
ab (25)
where
D′
ab
µ [A] = (1− δµ0) δ
ab ∂µ − δµ0 z igΛ
ab(t) (26)
(µ is not summed) and
M ′
ab
µν, α=1[A] = gµν [D
′
ρ(A)D
′ρ(A)]ab − 2gfabcF cµν [A]. (27)
It has to be remembered that the z integration must be performed from -∞ to +∞ for the
shift theorem [4] to be applicable.
Expanding the Logarithm in eq. (25) we find
ln[δνµ + α
′ D′µ
1
(D′)2
D′ν ]ab = α′[D′µ
1
(D′)2
D′ν ]ab
−
α′2
2
[D′µ
1
(D′)2
D′ν ]ab +
α′3
3
[D′µ
1
(D′)2
D′ν ]ab −
α′4
4
[D′µ
1
(D′)2
D′ν ]ab
+
α′5
5
[D′µ
1
(D′)2
D′ν ]ab − ......... (28)
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Summing the series we obtain
ln[δνµ + α
′ D′µ
1
(D′)2
D′ν ]ab = ln(1 + α′) [D′µ
1
(D′)2
D′ν ]ab. (29)
Using the cyclic properties of the trace (Tr[D′µ
1
(D′)2
D′ν ]ab = Tr[D′νD′µ
1
(D′)2
]ab) and using eq.
(29) we find from eq. (25)
Trln[δµν δ
ab + α′ [M−1 λµ, α=1[A] Dλ[A]D
ν [A]]ab = trLorentztrcolor[
∫
d2xT < xT |
∫ +∞
−∞
dt < t|
∫ +∞
−∞
dz < z +
i
gΛ(t)
d
dt
| D′µ
1
(D′)2
D′ν ln[1 + α′] |z +
i
gΛ(t)
d
dt
> |t > |xT >]
ab
= trcolor[
∫
d2xT < xT |
∫ +∞
−∞
dt < t|
∫ +∞
−∞
dz < z +
i
gΛ(t)
d
dt
| ln[1 + α′] |z +
i
gΛ(t)
d
dt
>
|t > |xT >]
ab = 8 ln[1 + α′]
∫
d4x
∫
d4p = − 8 ln(α)
∫
d4x
∫
d4p (30)
where we have used α′ = ( 1
α
− 1) from eq. (18). Using eq. (30) in (20) we find
TrlnMν,abµ [A] = Trln[M
ν, ab
µ, α=1[A]]− 8 ln(α)
∫
d4x
∫
d4p. (31)
Similarly for the free part we get
TrlnMν,abµ [0] = Trln[M
ν, ab
µ, α=1[0]]− 8 ln(α)
∫
d4x
∫
d4p. (32)
Using eqs. (31) and (32) in eq. (14) we find
S(1) =
i
2
Tr[lnMν,abµ [A]− lnM
ν,ab
µ [0]] =
i
2
Tr[lnMν,abµ, α=1[A]− lnM
ν,ab
µ, α=1[0]] (33)
where the gauge parameter α dependence exactly cancelled from the interacting and free
part. The imaginary part of this effective action S(1) gives real gluon pair production result
(eq. (1)) [7]. Hence we find that the non-perturbative result for gluon pair production from
arbitrary Ea(t) via Schwinger mechanism is independent of arbitrary gauge parameter α
which is used in the gauge fixing term in the background field method of QCD.
To conclude we have studied the Schwinger mechanism for gluon pair production in
the presence of arbitrary time-dependent chromo-electric field Ea(t) in arbitrary covariant
background gauge α with arbitrary color index a=1,2,..8 by directly evaluating the path
integral. We have found that the exact result for non-perturbative gluon pair production
from arbitrary Ea(t) via Schwinger mechanism is independent of arbitrary gauge parameter
α which is used in the gauge fixing term in the background field method of QCD. We find
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that the non-perturbative gluon pair production result from arbitray Ea(t) via Schwinger
mechanism is both gauge invariant and gauge parameter α independent. Gluon production
from classical chromo field may be relevant to study production of quark-gluon plasma at
RHIC and LHC.
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APPENDIX A:
By using eq. (16) in (6) we find
i(Dµ[A])ab = δµ0(δabpˆ0 − gΛ
ab(t)z) + δabδµ1pˆx + δ
abδµ2pˆy + δ
abδµ3pˆz
= δµ0(δabpˆ0 − gΛ
ab(t)z) + δabδµT pˆT + δ
abδµ3pˆz (A1)
where Λab(t) is given by eq. (23). From eqs. (8) and (11) we obtain
Gν,abµ (x, x
′) =
∫ ∞
0
ds[< x|
∫ ∞
0
ds
e−s(δ
ν
µ[−(pˆ0−gΛ(t)z)2+pˆ2z+pˆ2T ]− 2gΛ(t)Fˆ νµ−(
1
α
−1)(δµ0(pˆ0−gΛ(t)z)−δµT pˆT−δµ3pˆz)(δν0(pˆ0−gΛ(t)z)+δνT pˆT+δν3 pˆz))
|x′ >]ab. (A2)
where
Fˆ νµ = δµ3δν0 + δµ0δν3. (A3)
Using eqs. (A2) and (16) in (13) we find the tadpole effective action
Stad =
1
2
∫
d2xT d
2x′T dz dt dz
′ dt′
∫ ∞
0
ds
dEa(t)
dt
[< xT | < t| < z|
e−s(δ
ν
µ[−(pˆ0−gΛ(t)z)2+pˆ2z+pˆ2T ]− 2gΛ(t)Fˆ νµ−(
1
α
−1)(δµ0(pˆ0−gΛ(t)z)−δµT pˆT−δµ3pˆz)(δν0(pˆ0−gΛ(t)z)+δνT pˆT+δν3 pˆz))
|t′ > |z′ > x′T >]
abdE
b(t′)
dt′
. (A4)
Inserting complete set of |pT > states (by using
∫
d2pT |pT >< pT | = 1) we find
Stad =
1
2
∫
d2xT d
2x′T dz dt dz
′ dt′ d2pT
∫ ∞
0
ds
dEa(t)
dt
[< xT |pT >< t| < z|
e−s(δ
ν
µ[−(pˆ0−gΛ(t)z)2+pˆ2z+p2T ]− 2gΛ(t)Fˆ νµ−(
1
α
−1)(δµ0(pˆ0−gΛ(t)z)−δµT pT−δµ3pˆz)(δν0(pˆ0−gΛ(t)z)+δνT pT+δν3 pˆz))
|t′ > |z′ >< pT |x
′
T >]
3, ab
3
dEb(t′)
dt′
(A5)
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where 33 means the µ = 3 and ν = 3 component of the Lorentz matrix. Using < q|p >=
1√
2pi
eiqp we obtain
Stad =
1
2(2π)2
∫
d2xT d
2x′T dz dt dz
′ dt′ d2pT
∫ ∞
0
ds
dEa(t)
dt
[eixT ·pT < t| < z|
e−s(δ
ν
µ[−(pˆ0−gΛ(t)z)2+pˆ2z+p2T ]− 2gΛ(t)Fˆ νµ−(
1
α
−1)(δµ0(pˆ0−gΛ(t)z)−δµT pT−δµ3pˆz)(δν0(pˆ0−gΛ(t)z)+δνT pT+δν3 pˆz))
e−ix
′
T
·pT |z′ > |t′ >]3ab3
dEb(t′)
dt′
. (A6)
Integrating over x′T (by using
∫
d2x′T e
−ix′
T
·pT = (2π)2 δ(2)(~pT )) we find
dStad
dtd3xd2pT
=
δ(2)( ~pT )
2
∫
dt′
∫
dz′
∫ ∞
0
ds
dEa(t)
dt
[< t| < z|
e−s(δ
ν
µ[(pˆ0−gΛ(t)z)2+pˆ2z+p2T ]− 2gΛ(t)Fˆ νµ−(
1
α
−1)(δµ0(pˆ0−gΛ(t)z)−δµT pT−δµ3 pˆz)(δν0(pˆ0−gΛ(t)z)+δνT pT+δν3 pˆz))
|z′ > |t′ >]3ab3
dEb(t′)
dt′
. (A7)
which has a δ(2)(~pT ) distribution. Hence we find for any non-vanishing pT
dStad
d4xd2pT
= 0. (A8)
Hence the tadpole (or single gluon) effective action do not contribute to eq. (1) of the
non-perturbative gluon (pair) production rate dW
d4xd2pT
via Schwinger mechanism.
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